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ABSTRACT

In recent past years, PAPR (Peak-to-Average Power Ratio) of OFDM (Orthogonal Frequency-
Division Multiplexing) system has been intensively investigated. Published works mainly focus
on how to reduce PAPR. Since high PAPR will lead to clipping of the signal when passed
through a nonlinear amplifier. This paper proposes to extend the work related to "Gaussian
Tone Reservation Clipping and Filtering for PAPR Mitigation" which has been previously
published. So, in this paper, we deeply investigate the statistical correlation between PAPR
reduction, and the distortion generated by three (3) adding signal techniques for PAPR
reduction. Thereby, we first propose a generic function for PAPR reduction. Then, we analyse
the PAPR reduction capabilities of each PAPR reduction technique versus the distortion
generated. The signal-to-noise-and-distortion ratio (SNDR) metric is used to evaluate the
distortion generated within each technique by assuming that OFDM baseband signals are
modelled by complex Gaussian processes with Rayleigh envelope distribution for a large
number of subcarriers. The results related to one of the techniques is proposed in the first time
in this paper, unlike those related to the other two PAPR reduction techniques where the studies
were already published. Comparisons of the proposed approximations of SNDR with those
obtained by computer simulations show good agreement. An interesting result highlighted in
this paper is the strong correlation existing between PAPR reduction performance and
distortion signal power. Indeed, the results show that PAPR reduction gain increases as the
distortion signal power increases. Through these 3 examples of PAPR reduction techniques; we
could derive the following conclusion: in an adding signal context, the adding signal for PAPR
reduction is closely linked to the distortion generated, and a trade-off between PAPR-reduction
and distortion must be definitely found.
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1. INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM), a popular type of multicarrier
transmission [5, 6, 7, 8], is an effective modulation technique for high-data-rate wireless and
wireline applications, including Digital Subscriber Line (DSL) [9], Digital Audio Broadcasting
(DAB) [10], Digital Video Broadcasting (DVB) [11], and Wireless Local Area Network
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(WLAN) [12]. It has been adopted by the third-generation partnership program long-term
evolution (3GPP-LTE) [13] and LTE-Advance. OFDM has been recently adopted for use in
future 5G air interface [14]. One of the advantages of OFDM modulations is its ability to
minimize the multi-path propagation effects and the impulse noise by transforming effectively
the frequency selective fading channel into a flat fading channel. In addition, OFDM eliminates
the need for equalizers and uses modern digital signals processing techniques, such as the fast
Fourier transform (FFT) techniques [15].

Due to the large number of subcarriers, the OFDM signal has a large Peak-to-Average Power
Ratio (PAPR) which makes system performance very sensitive to nonlinear distortions [16, 18].
This remains one of the major drawbacks associated to OFDM transmission technique. In
practice, transmission devices such as the High-Power Amplifier (HPA) have a limited dynamic
range [19]. Therefore, to ensure a distortion-less transmission, hardware with a high-power back-
off is required. But it restricts the OFDM system from utilizing the transmitted power effectively.
To reduce the PAPR of OFDM signals, various techniques have been proposed [20]. The most
widely known techniques are based on selective mapping [21], phase shifting [22] or some form
of coding. Selective mapping and phase shifting offer a considerable reduction of the PAPR [21]
but, at the price of a significant increase of the overall system complexity. Coding techniques
with the capabilities of both PAPR reduction, as well as error correction (Reed-Muller codes)
[23], are attractive. However, these codes significantly reduce the overall throughput of the
system, especially if there is a relatively large number of subcarriers [23].

The novelty of this paper, on one hand, involves proposing a generic function for PAPR
reduction which embeds three methods for PAPR reduction : SC [2], HC [3] and GM [4] that
have been widely studied in the past; on the other hand, it involves investigating the relation
between PAPR reduction and the distortion signal power by theoretical analysis and computer
simulations which follows up the work done in [1]. So, the metrics such as complementary
cumulative distribution function (CCDF) is used PAPR reduction performance evaluation.
Signal-to-noise-and-distortion ratio (SNDR) metric is used to evaluate the distortion generated by
the different schemes for PAPR reduction. What is also new is the proposed approximation of
SNDR for GM [4] which is proposed the first time in this article, while those related to SC [2],
HC [3] have been the studied and been published in [1]. Through these three (3) examples of
PAPR reduction techniques; it has been demonstrated that adding signal for PAPR reduction is
closely linked to the distortion generated, and a trade-off between PAPR-reduction and distortion
must be found. Indeed, greater will be the PAPR reduction, greater will be the distortions
generated that could affect the over-all system performance in term of BLER/BER degradation
and OOB (Out-Off-Band) radiation/interference.

The paper is organized as follows. Section 2 introduces the related work. Section 3 characterizes
the OFDM system and defines the PAPR in OFDM signals context. The three (3) adding signal
techniques for PAPR reduction and distortion characterization are described in section 4. In
section 5, simulation results are shown, and conclusions are drawn in section 6. Some future
directions and open problems are discussed in section 7.

2. RELATED WORK

In this section, we highlight works done in the past mainly related to "Geometric Method"(GM)
which is strongly related to this paper; also, the Bussgang's principle are highlighted and will
undoubtedly allow to understand the conclusions of our study. Due to the simplest way for PAPR
reduction, the techniques in [24, 26, 27, 28] have been proposed and seem to be promising for use
in commercial systems. In [28], it is an adding signal technique whose its adding signal for PAPR
reduction is directly expressed; [24, 26, 27] are clipping techniques and considered, in this paper,
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as adding signal techniques whose the adding signal for PAPR reduction are the difference
between original signal and its clipped version. All these techniques [24, 26, 27, 28] are nonlinear
processes and may lead to significant distortion (in-band and out of band distortion) and
performance loss. In [25], filtering is used to remove the out-of-band distortion whereas in [28],
filtering is used to remove the part of adding signal generated over the OFDM signal bandwidth.
This results in, no spectral regrowth in [24, 26] and no Bit Error Rate (BER) performance
degradation in [28]. Recently, [29] presents a comparative analysis for various companding based
PAPR reduction techniques and provides useful guidelines for the design and development of
power and bandwidth efficient OFDM systems.

2.1. The “Geometric Method”

The “Geometric Method”(GM) has been proposed in [4] where the PAPR reduction scheme has
been presented; the performance (PAPR reduction, transmission quality and execution
complexity) has been presented as well in the context of a WLAN system based on the IEEE
802.11 a/g standard. The simulation results showed a loss of PAPR reduction performance when
the PAPR reduction signal (“adding signal for PAPR”) was set far from the OFDM signal in
frequency domain. It has been demonstrated that the loss of PAPR reduction gain was due the
distortion generated within the technique; so setting the PAPR reduction signal far from the
OFDM signal in frequency domain in order to mitigate the generated distortion, at the same
reduces PAPR reduction gain. However [4] did not highlight the relationship which existed
between the PAPR reduction signal and the transmission quality degradation in term of
BLER/BER.

In order to overcome the limitations of GM [4], an Enhanced GM (EGM) which is a downward-
compatible PAPR reduction technique has been proposed in [25]; the performance (reduction of
PAPR, quality of transmission and complexity of execution) of the technique has been evaluated
and compared to GM [4]. The results showed that, under the same simulation conditions, GM [4]
is more efficient than EGM [25] in terms of PAPR reduction. However, EGM does not degrade
BLER/BER unlike GM. The main reason of this outcome is that EGM filters the signal for PAPR
reduction in order to preserve the BLER/BER; this results to in loss of PAPR reduction
performance. EGM [25] remains a downward-compatible “adding signal” for PAPR reduction
technique with none BLER/BER degradation. However, EGM does not control Out-Of-Band
(OOB) spectral regrowth; this could lead to OOB (Out-Off-Band) radiation/interference.
Therefore, in [25], an Enhanced “Geometric Method” based on “Tone Reservation” has been
proposed. It transforms the GM [4] technique into the TR technique by filtering the PAPR
reduction signal with an FFT/IFFT pair based digital filtering [37].

The main idea in [37] was to transform the adding signal techniques (like clipping techniques,
GM) into TR techniques thanks to a filtering based on FTT/IFFT pair; the reason is to take
benefit of the TR advantages such as nhone BLER/BER degradation, none Side Information (SI)
transmission. As the transformation is a low-complexity process (about the FFT/IFFT
complexity), the obtained technique results in a low-complexity TR technique. However, the
transformation into TR techniques generates a loss of performance in PAPR reduction; it has
been proposed to increase the PAPR reduction gain by iterating the process of transformation.
However, the system complexity grows linearly with the number of iterations and a trade-off
shall be done between the PAPR reduction performance and the PAPR reduction scheme's
complexity. All these observations and PAPR reduction signal filtering seemed to indicate the
link between the PAPR reduction signal and the distortion generated which affects BLER/BER
performance and could lead to OOB radiation/interference.
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2.2. Bussgang's principle

In a report dating from March 1952 [31], J.J. Bussgang discusses the Gaussian signals (inter and
auto) correlation function estimation, when one of the two inputs of the correlator undergo to a
nonlinear transformation without memory. He succeeds in expressing the link between the
intercorrelation function of these two signals and that of the correlation function before
distortion. Bussgang's theorem has long been used and continues to be in the adaptive
equalization area as evidenced by the works proposed in [32, 33]. In [32], Z. Ding and RA
Kennedy deal with the role of the AM / AM transfer characteristic in non-linear systems with
memory effect and propose an extension of the theorem of Bussgang in the case of complexes.

Now, assuming a nonlinear technique characterizes by its AM/AM nonlinear function f()

where the output signal y(t) is expressed as:

y(t)=fr(t)e*V],0<t<T,

1)
The Bussgang's theorem [31] applied to equation (1) leads to:
L _Ru(0)
y(t)=ax(t)+d(t) where. Ry (0) )

where the distortion term d (t)is uncorrelated with the input signal X(t). Using (2), the output

correlation function of the signal y(t) is expressed as:
Ry (T):|a|2 Ry (T)"-Rdd (T) (3)

The attenuation coefficient & is given by;

(0) _E[X(®)y(t)] _E[rf(r)]

R
a=-"
RXX

where RYX (T) denotes the input-output cross-correlation function, f (r)the AM/AM non-linear
function, P is the OFDM signal power, and E [] is the statistical expectation operator.

Different approaches may be used to compute RW (T)including the Direct Method, the
Transform Method, or the Derivative Method. In [17, 18], the Derivative Method is used, and it is

possible to prove for any nonlinear function f () that:

O e U DL

n=0 X X n=1 X

®)
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with Cn expressed by:

(6)

where D(r) {r.O_r_oo} is the domain of integration p(r)is the probability density

(1)
function of the OFDM envelope and ™ (X) is the Laguerre function expressed by

()
3. OFDM SyYSTEM AND PAPR
: . x(t) .

In OFDM systems, the time-domain signal can be written as

1 N2 J,,L

x(t)=—=>_ X.e " ,0<t<T,

N ®)

where X is mapped data for k=012..,N _1, N is the number of subcarriers and T is the

OFDM symbol period. The PAPR of X(t)can be defined as

(ol

PAPR[x]] P o

P, . . Pav_EDX ” -
where " & s the average power defined as . Note that, it is more useful to

consider PAPR[X] as a random variable and can be evaluated by using a statistical description
given by the complementary cumulative density function (CCDF), defined as the probability that

CCDF=PriPAPR|Xx|>
PAPR exceeds V0 i.e., { [ ] WO} . To approximate PAPR in (9) in discrete
time-domain, an oversampled version of (8) can be used. In this case, the oversampled time-

. . X .
domain signal "™ can be written as

1 N-1 2jk n
X X.e M O0<n<NL-1

" \/_ko ’ (10)

where L is the oversampling factor To better approximate the PAPR of continuous-time OFDM
signals, L>4 s used to capture the peaks of the continuous time-domain signals. The time-



86 Computer Science & Information Technology (CS & IT)

domain samples *n are NL-point IFFT of the data block with (L_l) N zero-padding. The PAPR
computed from the L -times oversampled time domain OFDM signal samples can be defined as:

2
PAPR [x] 1] sl

E 2
[ ] ”
4., HC, SC AND GM ALGORITHMS AND DISTORTION CHARACTERIZATION

Let us consider the discrete-time OFDM symbol Xﬂ, the aim of adding signal techniques is to

PAPR[y,]<PAPR[x,] =%, +Coig 10 PAPR

generate an adding signal € such as ,where Yo
reduced signal. The adding signal €1 for PAPR reduction is a function of the OFDM symbol Xa :
ie., G, =T (X")where f () is the adding signal generator function.

Tn

ADDING
SIGNAL
GENERATOR

\

Figure 1. Adding signal scheme for PAPR reduction.
Fig.1 shows, the scheme of adding signal techniques for PAPR reduction.
4.1. HC, SC and GM Characterization and SNDR Definition

Now, let us consider the adding signal techniques, SC [2], HC [3] and GM [4] for PAPR

reduction. The adding signal for PAPR reduction € can be formulated as

(m-1)x.e, |x|< 1A
n

C,="f,, (%)= ( ,

A—lj x.e'%, |x.|= 1a
n

[l

(12)

) 0, =275t T, 0<n<NL-1
where A is the magnitude threshold, “nis defined as NL , and

T is the symbol period of the OFDM signal. The GM corresponds to (12) with n=1 and the

B Sf=1f —f f

parameter is defined as ¢, where T and fe are the carrier frequencies of the

OFDM signal and adding signal respectively; the SC is a special case of (12) with n=1 and

of =0 : while the HC is a special case of (12) with 7 = and of =0
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These three (3) adding signal techniques for PAPR reduction, SC [2], HC [3] and GM [4] are all

nonlinear processes and can be modelled as nonlinear AM/AM distorting functions Yo, ()
defined below.

gm%(x):[1+(n—1)é%]x1 .

X<—

z " (13)

A+[x+(1—x)ejgﬂ].1 )

X>=A

It should be noted that similar threshold functions 974, (X) have been also considered in other

complex nonlinear dynamics [30]. Using (13), the PAPR reduced signal Yn can be written as

yn = gqﬂn (|Xn|)ej¢n = Xn + fz]ﬂn (Xn) (14)

X

where ?n is the phase. According to Bussgang's theorem [31], the nonlinear functions

950, () can be decomposed as

9,0, (X) =@ x+d (15)

where d s the distortion created by 9o, () and %7 is chosen such that d is uncorrelated

with X i.e., E[xd"] = 0 rrom (15), it is shown that
L E[x*gwn (x)] _ E[x*gwn (X)]
" E |:| X|2:| I:)av
: (16)
The distortion power is given by
g, =E||d[ :E[g xz}—a “P..
o =ELIF |=E{ o0, OO |-l -

. 0, () 0 e SNDR(,)
The nonlinear functions ~7:% depend on the samples “n, thus we define as the
signal-to-noise-and-distortion ratio for o, , given,

2

a P, o
SNDR, | = "79— =SNR "7—‘98
No +24 1+SNR 5¢
Pav , (18)

2

SNR:?y/
where 0 is the signal-to-noise ratio (SNR).The global SNDR is thus defined as
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1
SNDR = NZSNDRM]
o (19)
4.2. SNDR Close Form of the Three Adding Signal Techniques

Assuming that the baseband OFDM signal converges to a complex Gaussian process for large N,

it has been shown in [34] that |X”| is an i.i.d Rayleigh random variable of which the probability
density function (PDF) is :

av . (20)

To derive a SNDR close form of the three adding signal techniques for PAPR reduction, we
consider the equations (15) to (19) where the variable X is an i.i.d Rayleigh random variable
whose PDF has been given in (20).

Let M, and N, the expressions defined as

Ia

annj x*py (x)dx =_-[pr x)dx
0

and . (21)

We show by developing (21) and using (20) that

2 _A 2
M, = l_[l+ f\ je " Pu: N, = ';;e e A\/_ A\/_
77 Pav 77 PaV '\/— '\/—

and , (22)

2

2dr

Q(x) mje

where Q() is the Q-function defined as

Now, using the definition of M, and N, given in (21), we can very easily show that

I:X g’79 ] jxgqe )px (X)dx=(1—ej€”)Pav+77(|\/|n+Nn)eJ'9n
. (23)

and
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Ellg, (%)

T‘gvﬂn (X)‘Z Py (X)dx

s
A "R, +2(1-c0s6,)[ P, —(M, +7N, )|

Pa (24)

L-(n-1)e[ M

n

Now, substituting (22) into (23) and (24), we show that

R T R i =
- Hﬂﬂ{”iﬁf

I(x)=e e —X\/_Q(X\/_)

And

Where F(X) is the function defined as
4.2.1. Case of Soft-Clipping (SC) [2]

Setting "/ =1 gng 07 =0 (i.e., o, :0) in (25) and (26); and substituting (25) and (26) into

(18), we obtain the SNDR for SC expressed by (27).

2
l av

A2 2
1+SNR|1-e * { —F{\/S_J]

4.2.2. Case of Heavyside-Clipping (HC) [3]

(27)

6, =0

=0 01=0 (e, 6 =0yin

When 7= % and O f
(25) ; we obtain

2
a =n°|1-T
s [ [N D
A |x
77[1 F[ N E}P— nle"av[]—
Due to a" for oo , the SNDR for HC

is given by

, we have the HC case. Let us start by setting




90 Computer Science & Information Technology (CS & IT)

A
SNDR=SNR 4 Py >
1+SNR[(1—4)PA]
av , (28)
4.2.3. Case of Geometric Method (GM) [4]
The GM corresponds to (12) with n=1 and the parameter of is defined as of =1 - fC.
setting only 7 =L in (25) and (26); we obtain
A
1-2I'| —— |cos @, —T?| ——
SNDRW]:SNR
n AZ
1+SNR|1—¢ " (1F[QH
av , (29)
According to the sum of Riemann theorem, for large N
! 2r s sin (276 T
%Zcos@nﬂ ST I c030d0=2(+_|_5)
n=0 7olls % 7o Ty (30)
Using (30) in (19), the SNDR for GM is derived by
276 fT,
o e
Tl
SNDR [J SNR > zav
A
1+SNR|1-e Pav[ 2 D
(31)

5. SIMULATION RESULTS

Computer simulations were performed on an OFDM system with 64-subcarriers and 16- QAM
symbol mapping; 10* OFDM symbols were randomly generated. GM is applied to the OFDM

ofT

s =Y A
system with . Indeed, in [4], it is shown that, when s approaches 1/8, GM

realizes a significant PAPR reduction gain.

Fig.2 compares the theoretical SNDR as a function of SNR with the simulation results for the
three adding signal techniques. The proposed approximations diverge from the simulation results
for a low SNR. However, for an SNR > 5 dB, they show good agreement with the simulation
results. This is because as for a low SNR, the approximation error in (27), (28) and (31) becomes
dominant. Let us note that, the accuracy of approximation can be improved by increasing the
sampling rate.
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Figure 2: Comparison of the proposed SNDR as a function of SNR with the simulation results for

E [PAPR] (in dB)
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Figure 3: PAPR reduction performance as a function of ?/ Py for SC, HC and GM

Fig.3 plots the PAPR reduction performance of the three adding signal methods for PAPR
reduction. In order to evaluate the PAPR reduction performance, E[APAPR] defined as the
difference between the initial PAPR and the reduced PAPR is used. For SC and GM, E[APAPR]

decreases as ?/ N Py increases, whereas for HC, E[APAPR] is almost constant.
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Figure 4: CCDF of SC, HC and GM for & =5(dB.

Note that, for the same value of ?/ \ Py , HC is more efficient than SC which is more efficient

-2
than GM in terms of PAPR reduction as shown in Fig.4. For example in Fig.4, at 107 of the
CCDF, HC reduces about 5.25 dB the PAPR, SC reduces about 2.75 dB, whereas in GM case, the
reduction is about 2.25 dB.

Now, let us look at closely the simulation results about the distortion analysis. Fig.5 plots the
A
simulated SNDR to SNR as a function of av for the three different adding signal methods
A
. _ / «/P . . .
with SNR = 10 dB. It shows that, for the same value of av HC introduces more distortion

A
than SC which introduces more distortion than GM. For example, for / P = 3 dB,
SNDR/SNR is equal to —5.5 dB, —2.75 dB and —2.25 dB for HC, SC and GM respectively.
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Figure 5: SNDR to SNR of SC, HC and GM for SNR = 10 dB.

According to the results of Fig.3 and Fig.5, we remark that

A
. / JP . . .
o for SC and GM, larger is amore significant will be the PAPR reduction and more
significant will be the distortion generated,
o HC reduces greatly the PAPR but leads to a significant distortion generation.

With above remarks, we can conclude that, a significant distortion lead to a considerable
reduction of the PAPR.

6. CONCLUSION

In this paper, we have proposed a generic function for PAPR reduction which embeds three (3)
methods for PAPR reduction widely studied in the past : these three (3) methods are known also
as adding signal techniques. The PAPR reduction performance of these three (3) adding signal
techniques and the distortion generated by these techniques were studied. We analysed the
distortion generated by deriving a close form expression of the SNDR while assuming that
OFDM baseband signals are modelled by complex Gaussian processes with Rayleigh envelope
distribution for a large number of subcarriers. The proposed approximation of SNDR for these
adding signal techniques show good agreement with the simulation results. The results related to
“Geometric Method” (GM) are proposed in the first time in this paper, unlike those related to
Soft-Clipping (HC), Heavyside-Clipping (HC) where the studies were already published.

Comparisons between these techniques are made in terms of PAPR reduction performance and
distortion generated. Results show that, the PAPR reduction increases as the distortion generated
increases (in terms of power).
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From this study, we have drawn the following conclusion namely, in adding signal context, the
adding signal for PAPR reduction is closely linked to the distortion generated. So, a trade-off
between PAPR-reduction and distortion must be done.

7. FUTURE WORK

As it has been shown in this article through these 3 techniques, SC [2], HC [3] and GM [4],
OFDM PAPR can be reduced at the price of more or less significant distortion generated which
could affect BLER/BER performance and lead to OOB (Out-Off-Band) radiation/interference.

To follow up this work, the following directions have been identified and deserve to be
developed:

e An optimal solution should be investigated in such way the PAPR will be significantly
reduced at the price of “weak distortion” or “none distortion” generated. A single iteration
should be considered in order to keep the PAPR reduction scheme low power consumption.
As the PAPR reduction techniques investigated here are characterized by a nonlinear

function f”"’n () which acts on the amplitude of the signals for PAPR reduction. It would
opt

be interesting to find the optimal PAPR reduction function 7% () which will lead to

significant PAPR reduction with low computational complexity.

o A further direction for the work improvement is to combine the PAPR reduction techniques
investigated in this paper with High Power Amplifier (HPA) linearization techniques
especially with an adaptive predistortion method taking into account the memory effect of
the amplifier. The goal should be to provide a big picture in terms of the overall system
performance enhancement and not focus only on PAPR reduction techniques.
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